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H I G H L I G H T S

� Deterministic model for hormonal regulation of the menstrual cycle includes testosterone.
� Various characteristics of polycystic ovarian syndrome are illustrated.
� Model simulations reveal anovulatory and hyperandrogenic cycles menstrual cycles.
� Bifurcations with respect to sensitive parameters are studied.
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a b s t r a c t

A system of 16 differential equations is described which models hormonal regulation of the menstrual
cycle focusing on the effects of the androgen testosterone (T) on follicular development and on the
synthesis of luteinizing hormone (LH) in the pituitary. Model simulations indicate two stable menstrual
cycles – one cycle fitting data in the literature for normal women and the other cycle being anovulatory
because of no LH surge. Bifurcations with respect to sensitive model parameters illustrate various
characteristics of polycystic ovarian syndrome (PCOS), a leading cause of female infertility. For example,
varying one parameter retards the growth of preantral follicles and produces a “stockpiling” of these
small follicles as observed in the literature for some PCOS women. Modifying another parameter
increases the stimulatory effect of T on LH synthesis resulting in reduced follicular development and
anovulation. In addition, the model illustrates how anovulatory and hyperandrogenic cycles which are
characteristic of PCOS can be reproduced by perturbing both pituitary sensitivity to T and the follicular
production of T. Thus, this model suggests that for some women androgenic activity at the levels of both
the pituitary and the ovaries may contribute to the etiology of PCOS.

& 2014 Published by Elsevier Ltd.

1. Introduction

The control and maintenance of the human menstrual cycle
involves hormones produced by the brain and ovaries. Follicle
stimulating hormone (FSH) and luteinizing hormone (LH), which
are secreted via actions of the hypothalamus and the pituitary
glands, regulate ovarian hormone synthesis and the periodic

release of an ovum, e.g., see Hotchkiss and Knobil (1994), Yen
(1999a), and Zeleznik et al. (1994). In turn, the ovaries produce
estradiol (E2), progesterone (P4), inhibin A (InhA), inhibin B (InhB)
and testosterone (T) which influence the synthesis and release of
FSH and LH, e.g., see Karch et al. (1973), Liu and Yen (1983), and
Wang et al. (1976). The menstrual cycle is evenly divided into two
phases, the follicular phase and the luteal phase, separated by
ovulation (Ojeda, 2012; Yen, 1999b; Gougeon, 1986). The cycle
begins with the first day of menstrual flow. At that time, blood
levels of FSH rise to promote the recruitment and growth of
immature follicles. Midway through the follicular phase, typically
the growth of one dominant follicle surpasses the rest which then
begin to atrophy. This dominant follicle grows rapidly and pro-
duces E2 in large amounts. E2 primes the pituitary for LH
synthesis. E2 peaks and one day later LH peaks at 8 to 10 times
its early follicular concentration. This rapid rise and fall of LH over
a period of 5 days is referred to as the LH surge and is necessary for
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ovulation. The LH surge followed by ovulation transforms the
dominant follicle into the corpus luteum. The corpus luteum is
responsible for increased secretion of E2, P4, and the inhibins
which prepare the uterus for pregnancy and which suppress the
production of FSH and LH. If fertilization and implantation do not
occur then the corpus luteum decreases in size and hormone
secretion and becomes inactive by the end of the menstrual cycle.
The consequential rise in FSH initiates the next cycle.Q4

Many cycle irregularities are associated with abnormal levels of
some of these hormones. In particular, polycystic ovarian syn-
drome (PCOS) is the leading cause of female infertility in North
America and afflicts 6–9% of all adult women (Alvarez-Blasco et al.,
2006; Azziz et al., 2004; Yen, 1999b; Franks et al., 2008). PCOS is
characterized by irregular follicle development which usually
results in anovulation. PCOS women often exhibit high androgen
levels, low P4, acyclic E2, and an increased ratio of LH to FSH.
Understanding how variations in hormone levels and key ovarian
growth parameters alter follicular development may predict
ovulatory difficulties and may suggest therapies for PCOS.

Mathematical models for hormonal control of the menstrual
cycle may be useful for addressing these issues. Systems of
differential equations have been developed to describe mechan-
istic models of cycle regulation which capture the complex
signaling between the brain and the ovaries. Examples of models
with this approach include Bogumil et al. (1972, 1972), Plouffe and
Luxenberg (1992), Harris-Clark et al. (2003), Zeeman et al. (2003),
Reinecke and Deuflhard (2007), Pasteur (2008), Röblitz et al.
(2013), Margolskee and Selgrade (2013), and Chen and Ward
(2014).

Building on these models, Hendrix (2013) and Hendrix et al.
(2014) have introduced a system of 16 differential equations (Eqs.
(S1–S16) and (A1–A5) in Appendix A) to model the effects of
testosterone, a prominent ovarian androgen for which serum data
exist in the literature, on follicular development and on gonada-
tropin releasing hormone receptor priming in the pituitary. The
data for LH, FSH, E2, P4, InhA, and InhB from Welt et al. (1999) and
for total T from Sinha-Hikim et al. (1998) were used to optimized
parameters.

The new model contains stages of ovarian development which
represent preantral and early antral follicles and simulations
exhibit an attracting periodic solution (Hendrix et al., 2014) which
approximates well the hormone levels of a normally cycling
woman (Welt et al., 1999; Sinha-Hikim et al., 1998). Maciel et al.
(2004) reported a “stockpiling” of preantral follicles in women
with PCOS. Hendrix et al. (2014) illustrated how varying a single
parameter which prolonged the growth of the preantral follicular
stage resulted in irregular menstrual cycles similar to PCOS. In fact,
additional changes in this parameter produced a period-doubling
cascade of bifurcations resulting in chaotic menstrual cycle
behavior.

In Hendrix et al. (2014), this dynamical behavior was discov-
ered from numerical experimentation not bifurcation analyses.
Moreover, many of the PCOS cycles presented in Hendrix et al.
(2014) are anovulatory but do not exhibit elevated levels of
androgens in the blood, which is common with PCOS patients.
In order to understand more fully how the model introduced in
Hendrix et al. (2014) predicts PCOS phenotypes, in this study we
investigate in more depth the dynamical behavior of the model
focusing on the roles of testosterone at the levels of the brain and
the ovaries. We examine the stability and instability of periodic
solutions. After setting the time-delays to zero and reparameter-
izing, we employ the bifurcation software XPPAUT (Ermentrout,
2002) which is designed for autonomous ordinary differential
equations (not delay differential equations). We analyze bifurca-
tions resulting from variations in sensitive parameters and we
determine the existence and significance of hysteresis curves in

bifurcation diagrams. For example, we show that changing one
parameter can increase the stimulatory effect of T on LH synthesis
and simultaneously reduce the inhibitory effect of P4 on LH
synthesis. Higher basal levels of LH and a normal LH surge are
achieved, but follicular development is reduced to such an extent
that no ovulation occurs. Hence, increased pituitary sensitivity to
androgens as a cause of anovulation is demonstrated by our model
behavior. Furthermore, we show that anovulatory and hyperan-
drogenic cycles can be reproduced by perturbing both the pitui-
tary sensitivity to T and the follicular production of T. Thus, this
model suggests that for some women androgenic activity at the
levels of both the pituitary and the ovaries may contribute to the
etiology of PCOS.

Section 2 describes some biological background and the model
structure. Section 3 argues that it is reasonable to set the time-
delays to zero so XPPAUT may be used, discusses parameter
identification, and illustrates the bistable behavior. The bifurcation
diagram with respect to the “stockpiling” parameter (m2 in Eq.
(S5)) is explained in Section 4. Section 5 draws the bifurcation
diagram with respect to the pituitary sensitivity parameter (κ in
Eq. (S1)) and discusses dynamical behavior for various ranges of κ
values. Section 6 shows κ bifurcation diagrams for increased
follicular production of T and illustrates anovulatory hyperandro-
genic cycles.

2. Model background and development

2.1. Androgenic pituitary feedback

Gonadatropin releasing hormone (GnRH) produced by the
hypothalamus stimulates pituitary gonadotroph synthesis of LH
at higher GnRH frequencies and FSH at lower frequencies (Blank
et al., 2006). Original modeling efforts by Schlosser and Selgrade
(2000) combined the actions of the hypothalamus and the
pituitary in a system of four differential equations for the synth-
esis, release, and clearance of the gonadotrophin hormones. State
variables RPLH and RPFSH represent the amounts of synthesized
hormones in the pituitary; LH and FSH represent the blood
concentrations of these hormones (see Eqs. (S1–S4) in Appendix
A). Schlosser and Selgrade (2000) assume that E2 inhibits the
release of the gonadotrophin hormones (see the denominators in
the second terms of (S1) and (S3)) but at high levels E2 signifi-
cantly promotes LH synthesis (see the Hill function in the
numerator of the first term of (S1)). Progesterone and inhibin
inhibit LH and FSH synthesis, in the respective denominators.
Blood clearance rates for the gonadotropin hormones are taken
proportional to their concentrations. Discrete time-delays are
assumed for the effects of E2, P4 and inhibin on gonadotropin
synthesis because hormone synthesis may not be as immediate as
hormone release.

Recently much attention has been focused on investigations of
androgen feedback on the pituitary as elevated levels significantly
correlate with reproductive cycle disruption found in patients with
polycystic ovarian syndrome (PCOS) (Azziz et al., 2009). Immuno-
histochemical staining has localized androgen receptors (AR) in rat
and human female anterior pituitary sections in concentrations
similar to those in males (Sar et al., 1990; Takeda et al., 1990)
suggesting a direct role of androgens in controlling LH secretion.
According to studies (Yasin et al., 1996), androgens may prime
gonadotrophs for GnRH activation through facilitation of LHβ
mRNA expression. Female androgens, T and dihydrotestosterone
(DHT), have both been found to affect positively gonadotroph
synthesis of LH. As only T is a precursor to E2, this suggests the
androgenic action at the pituitary level is independent of the
conversion of T to E2 (Yasin et al., 1996). In rats, pituitary feedback
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has also been shown to occur through androgen increased
GABAergic transmission to GnRH neurons (Pielecka et al., 2006).
In addition, isolated rat GnRH neurons have been shown to display
increase pulse frequency in the presence of T and that would
suggest an increased LH synthesis response (Melrose and Gross,
1987). The role of the androgens is further supported in clinical
studies of flutamide treatment in PCOS patients. Flutamide, an
androgen receptor blocker, has shown promising results in restor-
ing cyclicity in anovulatory patients during long term clinical trials
(Eagleson et al., 2000; De Leo and Morgante, 1998).

Motivated by these studies, Hendrix et al. (2014) assumed that
the baseline LH synthesis rate is independent of E2 but depends on
T, as expressed in the first term of the numerator of Eq. (S1).
Testosterone is used to represent ovarian androgen feedback as it
is currently considered the most potent of the female androgens
for which levels are available in the literature across the menstrual
cycle (Sinha-Hikim et al., 1998). We also note that in many
investigations of hyperandrogenic menstrual disruption, Total T
is often used as indicative of overall androgen levels (Sinha-Hikim
et al., 1998). As current research has yet to suggest a similar role
for the production of FSH, in Appendix A we present the system
(S1–S4) of four equations for LH and FSH synthesis and release
with further details available in Schlosser and Selgrade (2000) and
Hendrix et al. (2014).

2.2. Intra-ovarian androgenic stimulation of early folliculogenesis

Pituitary production of FSH during the follicular phase of the
cycle stimulates rapid growth of 6–12 follicles. These larger antral
follicles produce T which stimulates the growth of smaller pre-
antral follicles and which is partially converted to E2 because of
FSH stimulation. During the follicular phase, a dominant follicle is
chosen and produces E2 in large amounts eliciting the LH surge.
After releasing its ovum, the dominant follicle is transformed into
the corpus luteum (CL), which produces P4 to inhibit LH synthesis
and InhA to inhibit FSH synthesis. Also, P4 prepares the endome-
trium for implantation in the event of fertilization. If a viable
zygote is not detected then the CL slowly atrophies, removing the
negative feedback of P4 and InhA and allowing a new wave of FSH
stimulated follicular growth. These events signal the transition
from luteal to follicular phase and mark the beginning of a new
menstrual cycle.

Using the model structure of Harris-Clark et al. (2003), Hendrix
et al. (2014) introduced 12 differential equations (S5–S16) in
Appendix A where each state variable represents the hormonally
active mass of a distinct stage of ovarian development. Transition
from one stage to the next is promoted by the gonadotropin
hormones and/or intra-ovarian growth factors, including T.
In order of development, the 12 stages are two preantral follicular
stages (PrA 1 and PrA 2), small antral follicles (SmAn), recruited
follicles (RcF), the dominant follicle (DmF), the ovulatory follicle
(OvF), two stages portraying the transition to the corpus luteum
(CL 1 and CL 2) and four luteal stages Luti, i¼ 1;…;4. The first three
stages consist of small follicles growing as much as 60 days before
they would ovulate. For these stages, mass action kinetics reflect
intra-ovarian signaling (S5–S7) with T dependent growth occur-
ring before FSH stimulated growth (S5–S6). The monthly cycling
stages, RcF through Lut 4, depend on the gonadotropin hormones.
Clearance from the blood of the ovarian hormones is on a fast time
scale (Baird et al., 1969) as compared to ovarian development and
to clearance of the pituitary hormones, so the ovarian hormones
are assumed at a quasi-steady state (Keener and Sneyd, 2009).
Thus, the auxiliary equations (A1–A5) give the serum concentra-
tions of the five ovarian hormones. Preantral and small antral
follicles produce InhB and T, so PrA 2 and SmAn terms are included
in (A4) and (A5). See Hendrix et al. (2014) for details.

3. Parameter identification, sensitivities and bistability

Using discrete log difference approximations, Hendrix (2013)
computed normalized sensitivity coefficients for the system (S1–
S16). A normalized sensitivity coefficient estimates the amount of
variation in a system output with respect to small variation in a
system parameter by approximating a partial derivative of the
output variable with respect to the parameter, normalized so that
comparisons may be made among variables and parameters.
In Hendrix et al. (2014), the only nonzero time-delay parameters
were of duration 1 day for the inhibitions of P4, InhA, and InhB in
(S1) and (S3). The normalized sensitivity coefficients for these
delay parameters, dP, dInhA and dInhA, were at most 0.1 and quite
small when compared with sensitivities of 1 or larger (Hendrix,
2013). Thus, for this study, we set the time-delays equal to zero
and refit system parameters to the data of Welt et al. (1999) and of
Sinha-Hikim et al. (1998) to obtain the optimized values in Tables
B1–B3. The parameters of Appendix B are obtained by using a
Nelder-Mead simplex method (Nelder and Mead, 1965; Wright,
1996) starting with the parameters of Hendrix et al. (2014).
Henceforth, we study equations (S1–S16) with the parameters of
Tables B1–B3 where the time-delays are zero.

Simulations for this model exhibit two locally asymptotically
stable periodic solutions (see Fig. 1 for E2 and LH). One solution
(the dashed curves in Fig. 1) approximates well the data of Welt
et al. (1999), has a period of 27 days, and represents a menstrual
cycle for which ovulation occurs because of adequate E2 and a
normal LH surge. The other periodic solution (the solid curves in
Fig. 1) has a period of approximately 23 days and represents an
anovulatory cycle because there is no LH surge. We refer to these
solutions as the normal and the abnormal cycle, respectively.
Notice that E2 levels for the abnormal cycle vary slightly over
the month and remain below 140 pg/mL. On the other hand, E2
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Fig. 1. E2 and LH model simulations for (S1–S16) with parameters and initial
conditions given in Appendix B. 28 day data fromWelt et al. (1999) are repeated for
84 days. The dashed curves depict normal cycles and the solid curves, abnormal
cycles.
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during the follicular phase of the normal cycle exceeds 220 pg/mL
and, thus, elicits an LH surge. For the abnormal cycle, FSH and P4
concentrations are similarly lower than those of the normal cycle.
These characteristics are present in many PCOS individuals, see
Yen (1999a) and Azziz et al. (2009).

Bistability of the type illustrated by Fig. 1 has been observed for
similar hormone control models by Harris-Clark et al. (2003) and
Selgrade et al. (2009). As demonstrated in Harris-Clark et al.
(2003), the abnormal cycle may be perturbed to the normal cycle
by the administration of exogenous P4 during the luteal phase and
the normal cycle may be perturbed to the abnormal by exogenous
E2. Moreover, small variations in sensitive parameters may result
in bifurcations which remove the abnormal cycle and produce a
model with a unique asymptotically stable solution and this
solution represents an ovulatory menstrual cycle (see Section 4).

4. Bifurcation analysis for parameter m2

Hendrix et al. (2014) showed how varying the sensitive para-
meter m2 (see Eq. (S5)) produced significant changes in model
behavior. Decreasing m2 permits additional growth of preantral
follicles PrA 1 and results in a “stockpiling” of these small follicles
as observed by Maciel et al. (2004) in PCOS women. In fact,
Hendrix et al. (2014) illustrates a period-doubling cascade of
bifurcations as m2 decreases, resulting in apparent chaotic men-
strual cycle behavior. Here we examine the bifurcation diagram
with respect to m2 using the software XPPAUT (Ermentrout, 2002),
which is appropriate for systems without time-delays. Because the
optimal value m2¼0.000868 (see Table B2) is so small and very
small variations result in bifurcations, to illustrate these bifurca-
tions it is useful to apply XPPAUT to the parameter l2 ¼ log ðm2Þ,
where log is the natural logarithm. (Taking log of a set of numbers
close to zero spreads the set out.)

For each value of the parameter l2 on the horizontal axis
(Fig. 2), the software XPPAUT plots a state variable value for each
stable periodic (or equilibrium) solution and each unstable peri-
odic solution of the dynamical system which it finds at that
parameter value. Since the height of the LH surge is a good
indicator of an ovulatory cycle, we take LH as our state variable

and our bifurcation diagram (Fig. 2) plots the maximum LH value
along a periodic or equilibrium solution. As l2 varies, curves evolve
which represent the continuations of stable and unstable solu-
tions. Generally, bifurcations occur where curves of differing
stabilities meet.

For values of l2 larger than �5.66, the only stable solution is an
equilibrium (the solid line in the lower right of Fig. 2), which
represents an anovulatory cycle because the LH level is too low.
A saddle-node bifurcation (upper SN) of periodic solutions occurs
at l2 ¼ �5:66 resulting in stable cycles (upper solid curve) and
unstable cycles (lower dashed curve) as l2 decreases. The stable
cycle is ovulatory and continues to the normal cycle (▵ in Fig. 2)
corresponding to the model's optimal parameter value,
l2 ¼ �7:05¼ log ð0:000868Þ. At l2 ¼ �6:81, the stable equilibrium
undergoes a Hopf bifurcation (HB) which results in a stable
periodic solution (solid curve) and an unstable equilibrium (the
dashed line that continues to the left from HB). This stable
anovulatory cycle exists until l2 ¼ �7:17 where it coalesces with
the unstable cycle and both disappear via a saddle-node (lower
SN). For l2 between �7.54 and �7.17, the only stable solution is
the ovulatory cycle along the upper portion of the figure.
At l2 ¼ �7:54, a period-doubling bifurcation (PD) causes the stable
ovulatory cycle to become unstable and a stable solution of twice
the period to appear (solid curve branching off below first PD).
This stable solution represents two monthly ovulatory cycles.
More period-doublings occur as l2 decreases through �7.72 and
through �7.74. The software has difficulty tracking rapidly occur-
ring PD bifurcations, so only 3 are depicted in Fig. 2. The solid
curves emanating from the PD's indicate stable (labeled s) or
unstable (labeled u) periodic solutions. The PD at l2 ¼ �7:72
indicates a bifurcation of cycles with twice the original period to
cycles with four times the original period. The PD at l2 ¼ �7:74
indicates a bifurcation of cycles with four times the period to eight
times the period. This period-doubling cascade is discussed by
Hendrix et al. (2014).

The sigmoid shaped curve in the right half of Fig. 2, which
contains stable and unstable cycles, is referred to as a hysteresis
curve or loop. For each l2 value within the branch of the hysteresis
curve between SN (l2 ¼ �7:17) and HB (l2 ¼ �6:81), there is a
stable normal cycle (large amplitude LH) and a stable anovulatory
cycle (small amplitude LH). A woman whose cycle is represented
by one of these stable anovulatory cycles may be perturbed to a
normal cycle by decreasing her l2 parameter below �7.17, which
effectively increases the stockpiling of her preantral follicles.
However, additional stockpiling where l2 becomes less than
�7.54 results in irregular or chaotic cycling because of the
period-doubling cascade. This observation suggests a curious
biological hypothesis that a woman, who is anovulatory because
of low LH, may benefit from additional preantral follicular mass
but only up to a point where too much mass may lead to irregular
cycling.

5. Bifurcation analysis for parameter κ

The parameter κ in (S1) modulates the effect of T on baseline LH
synthesis via the term Tκ . Since the optimal parameter value
κ¼0.9176 is positive but less than one, this synthesis rate
increases with T and with κ but is slightly sublinear. If κ41 then
this effect becomes more pronounced. P4 in the denominator of
(S1) indicates inhibition of LH synthesis. An increase in κ reduces
this inhibitory effect for a fixed level of P4. Here we examine the
bifurcation diagram (Fig. 3) which plots maximum LH along a
periodic or equilibrium solution against κ.

For values of κ less than 0.883, the only stable solution is an
equilibrium (the light solid curve in the lower left of Fig. 3), which
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Fig. 2. Bifurcation diagram with respect to l2 ¼ log ðm2Þ for (S1–S16) with remain-
ing parameters from Tables B1–B3. HB, SN and PD denote Hopf, saddle-node and
period-doubling bifurcations. The ▵ indicates the position (l2 ¼ �7:05) of the
normal cycle for the parameters of Tables B1–B3. Heavy solid (dashed) curves
denote stable (unstable) cycles. Light solid (dashed) curves denote stable (unstable)
equilibria. To the left of the second PD bifurcation all periodic solutions are solid
curves, so s denotes stable cycles and u denotes unstable cycles.
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represents an anovulatory cycle because the LH level is too low. At
κ¼0.883, a Hopf bifurcation (HB) occurs which results in a stable
periodic solution (heavy solid curve) and an unstable equilibrium
(light dashed curve that continues to the right from HB). This

anovulatory stable cycle exists until κ¼0.924 where it coalesces
with an unstable cycle and both disappear via a saddle-node
(lower SN). The unstable cycle originates from a saddle-node
(upper SN) at κ¼0.899, which also produces the stable ovulatory
cycle that continues to the normal cycle (large ▵) at optimal
κ¼0.9176. The system maintains a stable periodic solution as κ
increases to 1.065, where a torus bifurcation (TR) occurs. This
bifurcation is a Naimark–Sacker bifurcation (Naimark, 1967;
Sacker, 1964) of the return map of the periodic solution and this
bifurcation destabilizes the periodic solution and surrounds it with
an attracting invariant torus. Solutions on the torus approximate
the periodic solution but, generally, may be periodic or irregular.
Between the two TR's, i.e., for 1:065oκo1:197, the only attractor
for system (S1–S16) is the invariant torus. For parameters just to
the left of TR¼1.065, the stable solution has a period of about 27
days and has an LH surge which is similar to the stable cycle
(Fig. 1) for the optimal parameter set. For κ¼1.1 (Fig. 4) just to the
right of TR¼1.065, the stable solution on the torus appears to have
a period of approximately 78 days (measured between the first
and fourth peaks) and represents three menstrual cycles of
differing LH surge heights.

As κ increases from optimal value, the development of the
dominant follicle is retarded as observed from a reduction in the
amount of E2, which is proportional to follicular mass via (A1).
Notice that if κ¼1.1, the E2 levels only reach 100 pg/mL (Fig. 5 as
compared to Fig. 1). Such a menstrual cycle will be anovulatory. At
κ¼1.197 the TR is a reverse torus bifurcation where the attracting
torus shrinks to a periodic solution. This stable solution, which is
plotted in Fig. 6 for κ¼1.21, has a period of about 21 days and LH
levels ranging between 50 IU/L and 92 IU/L but also is anovulatory
because of insufficient development of the dominant follicle.
Normal basal LH is less than 20 IU/L but the minimum LH for
the anovulatory cycles in Figs. 4 and 6 is above that with the
minimum LH in Fig. 6 about 50 IU/L. Hence, our model suggests
that increased pituitary sensitivity to T results in anovulation
indicated by high basal LH and lack of dominant follicle
development.

6. Bifurcation analysis for parameters κ and t3

Although many of the anovulatory cycles illustrated in Sections
3–5 exhibit similarities to PCOS cycles, none have high androgen
levels characteristic of classical PCOS. In this section we show that
increasing κ and increasing a model sensitive parameter in the
auxiliary equation (A5) for testosterone result in cycles which are
both anovulatory and hyperandrogenic. The parameter t3 in (A5)
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Fig. 3. Bifurcation diagram with respect to κ for (S1–S16) with remaining optimal
parameters from Tables B1–B3. HB, SN and TR denote Hopf, saddle-node and torus
bifurcations. The large ▵ indicates the position of the cycle for the optimal value
κ¼0.9176. Heavy solid (dashed) curves denote stable (unstable) cycles. Light solid
(dashed) curves denote stable (unstable) equilibria.

Fig. 4. LH model simulation for (S1–S16) when κ¼ 1:1 is a solution residing on the
invariant torus depicted in Fig. 3. The solution has a period of about 78 days as
measured between the first and the fourth peaks and represents 3 menstrual
cycles.

Fig. 5. E2 model simulation for (S1–S16) when κ ¼ 1:1 resides on the invariant
torus. The low E2 levels indicate diminished dominant follicle development and
anovulation.

Fig. 6. LH model simulations when κ¼1.21 has a period of 21 days and the cycle is
anovulatory. LH levels range between 50 IU/L and 92 IU/L, which indicates a
minimum LH much higher than normal.
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represents the amount of T produced by small antral follicles
(SmAn). Nestler et al. (1998) showed that isolated theca cells from
PCOS women demonstrated an approximately four fold increase in
insulin stimulated T biosynthesis when compared with theca cells
from normally cycling women. Follicles harvested for their study
ranged from between 4 mm and 12 mm in diameter, a range
consistent with small antral and recruited follicle classifications
(Gougeon, 1986).

Thus, to study how increasing the effects of T on the pituitary
and on the ovaries alters cycle behavior, we consider bifurcation
diagrams with respect to the pituitary T parameter κ (like Fig. 3)
for increasing values of the ovarian T parameter t3. Fig. 3 depicts
maximum LH as κ varies for the optimal value t3¼0.667 in Table
B3. As t3 increases from t3¼0.667 to t3¼1.5 a sequence of
bifurcations occurs which change the character of the κ bifurcation
diagram (for details see Hendrix, 2013). Briefly, the lower branch
of the hysteresis curve on the left in Fig. 3 touches the curve of
equilibria at a degenerate Hopf point, i.e., a point where a Hopf
bifurcation occurs because a complex pair of eigenvalues cross the
imaginary axis with zero speed. As t3 continues to increase, the
degenerate Hopf point unfolds into two nondegenerate Hopf
points. A similar unfolding of a degenerate Hopf bifurcation is
described in Margolskee and Selgrade (2011), and an animation
may be found at http://www4.ncsu.edu/selgrade/research.html.

The resulting bifurcation diagram when t3¼1.5 is shown in
Fig. 7 and has four TR bifurcations. The stable upper branch of
cycles at location (Tþ) in Fig. 7 exhibit significantly different
serum hormone levels (see Fig. 8) compared to those when
t3¼0.667. When t3¼1.5 and κ¼1.1 (see location (Tþ) in Fig. 7),
LH and T levels are consistently elevated. E2 and P4 levels are
suppressed reflecting a reduction in ovarian follicular activity. The
elevation in circulating T is consistent with hyperandrogenic
disorders. The follicular dynamics for this cycle are different from
the normal cycle presented in Fig. 1.

In Fig. 9 we present the predictions for ovarian mass of
preantral (PrA 1) and small antral (SmAn) follicular stages with a
view of CL development (Lut1) for both the normal cycle (dashed
curves) and the solution presented in Fig. 8 (solid curves). One can
see that the mass of developing follicles for both stages is
significantly elevated, a case which may manifest in the appear-
ance of polycystic ovaries on ultrasound. The CL, in this case is
diminished, suggesting the absence of ovulation. These predictions
are the first we have seen through our investigations that reflect
anovulatory and hyperandrogenic states simultaneously. These

findings suggest multiple mechanisms may be implicated in
disorders of this nature.

7. Summary and discussion

This model for hormonal regulation of the menstrual cycle
includes the effects of the androgen testosterone on follicular
development and on the synthesis of LH in the pituitary. The
system of 16 differential equations contains stages of ovarian
development which represent preantral and early antral follicles.
Fitting the parameters to the data fromWelt et al. (1999) and from
Sinha-Hikim et al. (1998) produces simulations which accurately
predict hormone levels of a normally cycling woman.

As with a simpler model (Harris-Clark et al., 2003), another
stable periodic solution exists for the same parameter values but
this cycle exhibits abnormal hormone levels and no LH surge.
Hence, a woman represented by this model may cycle normally or
abnormally based on initial hormone levels. If cycling is abnormal,
it may be possible to adjust her hormone levels to perturb her
cycle to a normal cycle. Numerical experiments indicate that the
domain of attraction of the normal cycle is much larger than the
domain of attraction of the abnormal cycle, i.e., it is much easier to
pick initial conditions for a solution converging to the normal
cycle. However, we do not have an estimate of the probability of
convergence to the normal cycle. Here we do explain this bist-
ability by the presence of hysteresis curves in bifurcation diagrams
with respect to sensitive model parameters, m2 (Fig. 2) and κ
(Fig. 3).

Decreasing the follicular growth parameter m2 prolongs the
growth of the preantral follicular stage and results in a “stock-
piling” of preantral follicles. In fact, continuing to decrease m2

produces a cascade of period-doubling bifurcations resulting in
chaotic menstrual cycle behavior (Hendrix et al., 2014) which we
illustrate here using a bifurcation diagram drawn with the soft-
ware XPPAUT (Ermentrout, 2002). Maciel et al. (2004) observed
almost 5 times as many small preantral, gonadotropin-
independent follicles in PCOS ovaries as compared to normal
ovaries. A noninvasive method of counting these follicles would
be useful to clinical endocrinologists for predicting reproductive
abnormalities.

The parameter κ modulates the stimulatory effect of T on LH
synthesis. Increasing κ causes basal LH levels to rise and the LH
surge to be maintained (see Figs. 4 and 6) but suppresses follicular
development to such an extent that ovulation cannot occur (see
Fig. 5). Hence, increased pituitary sensitivity to T as a cause of
anovulation is demonstrated by our model.

Anovulatory cycles which exhibit high androgen levels are
characteristic of classical PCOS. This phenomenon is illustrated
by increasing both the pituitary sensitivity to T (parameter κ) and
the follicular production of T from small antral follicles (parameter
t3). Resulting simulations indicate anovulatory cycles with high
levels of LH and T as well as reduced and acyclic E2 and P4 (Fig. 8).
Thus, this model suggests that androgenic activity at the levels of
both the pituitary and the ovaries may contribute to the etiology
of PCOS.

Poretsky et al. (1999) suggests that insulin resistance (IR) is a
characteristic of many PCOS women and results in hyperandro-
genism. Specifically, IR causes increased insulin production to
process glucose and increased insulin causes an increase in ovarian
androgens. In the setting of our model, IR may be a reason for a
higher than normal t3 parameter value. Thus, a logical next step in
unraveling the causes of PCOS will be to link a glucose-insulin
model with our cycle regulation model with the ultimate goal of
characterizing the interplay between glucoregulation and sexual
endocrine control.
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Fig. 7. Bifurcation diagram with respect to κ, with t3¼1.5. HB, SN an TR denote
Hopf, saddle-node and torus bifurcations. Labeled point (Tþ) for elevated T
designates location of solution corresponding to LH profiles in Fig. 8. Solid curves
denote stable cycles or equilibria and dashed curves denote unstable cycles or
equilibria.
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Appendix A. Differential equations and auxiliary equations

System of differential equations:

d
dt
RPLH ¼

v0 � Tðt�dT Þκþv1 �
E2ðt�dEÞa

ðKma
LHþE2ðt�dEÞaÞ

ð1þP4ðt�dPÞ=KiLHÞ

�kLH � ð1þcLHp � P4δÞ
ð1þcLHe � E2Þ

� RPLH ðS1Þ

d
dt
LH¼ 1

v
� kLH � ð1þcLHp � P4δÞ

ð1þcLHe � E2Þ
� RPLH�rLH � LH ðS2Þ

d
dt
RPFSH ¼ VFSH

1þ InhAðt�dInhAÞ
KiFSHa

� �
þ InhBðt�dInhBÞ

KiFSHb

� �

�kFSH � ð1þcFSHp � P4Þ
ð1þcFSHe � E2ζÞ

� RPFSH ðS3Þ

d
dt
FSH¼ 1

v
� kFSH � ð1þcFSHp � P4Þ

ð1þcFSHe � E2ζÞ
� RPFSH�rFSH � FSH ðS4Þ

d
dt
PrA1¼m1�m2 � Tη � PrA1 � PrA2 ðS5Þ
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Model Predictions for κ =1.1 and t3 =1.5 vs. Clinical Data

Fig. 8. Hormone predictions (dark curves) for κ¼1.1 with t3¼1.5 correspond to a solution at location (Tþ) as identified in Fig. 7. The high LH and T and the low E2 and P4
demonstrate the effects of increased sensitivity to T combined with elevated ovarian T production. The gray curves depict model simulations with optimal parameters
approximating clinical data (Welt et al., 1999; Sinha-Hikim et al., 1998).

Fig. 9. Ovarian mass predictions for κ¼1.1 and t3¼1.5 (solid curves) compared with the normal solution (dashed curves) for parameters in Tables B1–B3. Demonstrated is the
significant increase in preantral and small antral follicular mass and decrease in CL development versus the normal solution.
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d
dt
PrA2¼m2 � Tη � PrA1 � PrA2�m3 �

FSHν

Kmν
FSHþFSHν � PrA2 � SmAn ðS6Þ

d
dt
SmAn¼m3 �

FSHν

Kmν
FSHþFSHν � PrA2 � SmAn

�b � FSHϱ � SmAn � RcF ðS7Þ

d
dt
RcF ¼ b � FSHϱ � SmAn � RcFþðc1 � FSH�c2 � LHαÞ � RcF ðS8Þ

d
dt
DmF ¼ c2 � LHα � RcFþðc3 � LHβ�c4 � LHξÞ � DmF ðS9Þ

d
dt
OvF ¼ c4 � LHξ � DmF�c5 � LHγ � OvF ðS10Þ

d
dt
CL1¼ c5 � LHγ � OvF�d1 � CL1 ðS11Þ

d
dt
CL2¼ d1 � CL1�d2 � CL2 ðS12Þ

d
dt
Lut1¼ d2 � CL2�k1 � Lut1 ðS13Þ

d
dt
Lut2¼ k1 � Lut1�k2 � Lut2 ðS14Þ

d
dt
Lut3¼ k2 � Lut2�k3 � Lut3 ðS15Þ

d
dt
Lut4¼ k3 � Lut3�k4 � Lut4 ðS16Þ

Auxiliary equations:

E2¼ e0þe1 � DmFþe2 � Lut4 ðA1Þ

P4¼ p1 � Lut3þp2 � Lut4 ðA2Þ

InhA¼ h0þh1 � OvFþh2 � Lut2þh3 � Lut3 ðA3Þ

InhB¼ j1þ j2 � PrA2þ j3 � SmAnþ j4 � RcFþ j5 � OvF2þ j6 � Lut1 ðA4Þ

T ¼ t1þt2 � PrA2þt3 � SmAnþt4 � RcFþt5 � DmF

þt6 � OvFþt7 � CL1þt8 � Lut1þt9 � Lut3 ðA5Þ

Appendix B. Parameter tables and initial conditions

Initial conditions for normal and abnormal cycles as plotted in
Fig. 1 are given in Table B4Q5 .
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Table B2
Parameters for ovarian equations (S5–S16) optimized using the data of Welt et al.
(1999) and Sinha-Hikim et al. (1998).

Parameter Value Unit

α 0.69 dimensionless
β 0.693 dimensionless
γ 0.002 dimensionless
η 1.1617 dimensionless
ν 8 dimensionless
ϱ 0.45 dimensionless
ξ 0.952 dimensionless
b 0.017 L=day
c1 0.087 L=μg
c2 0.115 1=day
c3 0.0534 1=day
c4 0.0369 1=day
c5 0.482 1=day
d1 0.706 1=day
d2 0.6515 1=day
k1 0.695 1=day
k2 0.872 1=day
k3 1.039 1=day
k4 1.052 1=day
m1 0.927 1=day
m2 0.000868 1=day
m3 0.09 1=day
KmFSH 6.53 1=day

Table B1
Parameters for pituitary equations (S1–S4) optimized using the data of Welt et al.
(1999).

Parameter Value Unit

v0 39.75 dL � IU=ng � day
κ 0.91761 dimensionless
v1 153.66 IU=day
a 7.3964 dimensionless
KiLH 13.6395 ng=mL
KmLH 52.0665 pg=mL
kLH 18 1=day
cLHp 0.98236 mL=ng
cLHe 0.80821 mL=pg
δ 2 dimensionless
rLH 14 1=day

Table B1 (continued )

Parameter Value Unit

vFSH 287.269 IU=day
KiFSHa 6.3 IU=mL
KiFSHb 3000 pg=mL
kFSH 3.86281 1=day
cFSHp 1.261 mL=ng
cFSHe 0.00025 mL=pg
ζ 2 dimensionless
rFSH 8.21 1=day
v 2.5 L

Table B3
Parameters for auxiliary equations (A1–A5) optimized using the data of Welt et al.
(1999) and Sinha-Hikim et al. (1998).

Parameter Value Unit

e0 37.4 ng=L
e1 2.3 1=kL
e2 2.724 1=kL
h0 0.0525 IU=L
h1 0.0251 IU=L=μg
h2 0.06315 IU=L=μg
h3 0:16 IU=L=μg
p1 0.2548 1=L
p2 0.133 1=L
j1 0.001 pg=L
j2 1:72 1=L
j3 5:03 1=L
j4 4.32 1=L
j5 0.0012 1=L
j6 0:001 1=L
t1 13.1354 ng=dL
t2 0.704 1=dL
t3 0.667 1=dL
t4 0.7436 1=dL
t5 0 1=dL
t6 0.097 1=dL
t7 0 1=dL
t8 0.21 1=dL
t9 0.0932 1=dL
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Table B4
Initial conditions for normal and abnormal cycles as plotted in Fig. 1.

Variable Normal Abnormal

RPLH 396 268
LH 22.0 23.1
RPFSH 30.2 39.7
FSH 11.2 9.0
PrA1 2.3 12.4
PrA2 0.42 0.4
SmAn 24.4 0.57
RcF 0.21 5.62
DmF 0.697 28.0
OvF 1.55 42.0
CL1 1.46 26.6
CL2 2.38 25.2
Lut1 3.48 20.3
Lut2 4.03 14.4
Lut3 4.64 11.0
Lut4 6.27 10.0
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