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a b s t r a c t
A model for hormonal control of the menstrual cycle with 13 ordinary differential equations and 41
parameters is presented. Important changes in model behavior result from variations in two of the most
sensitive parameters. One parameter represents the level of estradiol sufﬁcient for signiﬁcant synthesis of
luteinizing hormone, which causes ovulation. By studying bifurcation diagrams in this parameter, an
interval of parameter values is observed for which a unique stable periodic solution exists and it represent an ovulatory cycle. The other parameter measures mass transfer between the ﬁrst two stages of
ovarian development and is indicative of healthy follicular growth. Changes in this parameter affect
the uniqueness interval deﬁned with respect to the ﬁrst parameter. Hopf, saddle-node and transcritical
bifurcations are examined. To attain a normal ovulatory menstrual cycle in this model, a balance must
be maintained between healthy development of the follicles and ﬂexibility in estradiol levels needed
to produce the surge in luteinizing hormone.
Ó 2010 Elsevier Inc. All rights reserved.

1. Introduction
Systems of differential equations which track crucial hormonal
changes during the month have been used to study hormonal regulation of the human menstrual cycle, e.g., see [2,3,7,8,13,18,19].
This is a dual control system where hormones secreted by the
hypothalamus and the pituitary glands affect the ovaries and the
ovarian hormones affect the brain. Follicle stimulating hormone
(FSH) and luteinizing hormone (LH), which are synthesized by
the pituitary, control ovarian activity and ovulation, see
[1,9,26,27]. In turn, the ovaries produce estradiol ðE2 Þ, progesterone ðP4 Þ and inhibin (INH) which inﬂuence the synthesis and release of FSH and LH, see [10,12,23]. A mechanistic model
developed by Harris-Clark et al. [8], Pasteur [17], and Schlosser
and Selgrade [20,22] captures this interplay with a 13-dimensional
system of delayed differential equations. After parameter identiﬁcations were done using two different clinical data sets for normally cycling women (McLachlan et al. [14] and Welt et al. [24]),
model simulations closely approximated the data in both cases,
see [8,17]. The system with parameters identiﬁed using the
McLachlan data [14] is referred to as the McLachlan model and
the system using the Welt data [24] is called the Welt model.
Additional studies of both models [8,17] revealed that each has
different dynamical behavior. The McLachlan model has two stable
periodic solutions [8] – one ﬁts the McLachlan data for normally
cycling women and the other, which is anovulatory because of
no LH surge, has similarities to an abnormal cycle of a woman with
q
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polycystic ovarian syndrome (PCOS) [25]. On the other hand, the
Welt model has only one stable periodic solution and it ﬁts the
Welt data for normally cycling women. Selgrade et al. [21] explained this apparent model discrepancy by illustrating that a
change in only one sensitive parameter of the Welt system will result in the Welt model exhibiting two stable cycles like the
McLachlan model. In addition, when each model has two stable cycles, it was observed [21] that the E2 proﬁles of the normal cycles
are almost the same and at the high end of the normal range for E2.
This prompted the conjecture that high E2 levels may indicate a
greater risk of cycling abnormally.
The rationale for this study is to illustrate how the choice of sensitive model parameters may reduce the chance of cycling abnormally. We focus on two of the three most sensitive parameters and
analyze bifurcation diagrams for the Welt model. Selgrade et al.
[21] constructed one diagram for this model with three discrete
time-delays present in the system of differential equations. In order
to track the large amplitude normal cycle and the unstable cycle,
an ad hoc shooting method was developed [21] which is too time
consuming to use for a thorough bifurcation study. Instead, here
we set the time-delays equal to zero and use the features of AUTO
[4] in XPPAUT [5]. Taking the delays equal to zero does not seem to
change the qualitative behavior of model solutions but reduces some
hormone peak levels and decreases the cycle length slightly.
In this paper, Section 2 discusses model equations and parameters. Section 3 examines bifurcation diagrams with respect to KmLH,
a parameter in the LH synthesis term, and c2, an ovarian mass
transfer parameter. Hopf, saddle-node and transcritical bifurcations are observed. The notion of a cycle uniqueness interval is introduced, which is an interval of KmLH values for which a unique
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stable periodic solution exists and it represent an ovulatory cycle.
How variations in the parameter c2 change the size of the cycle
uniqueness interval are studied. Biological implications are discussed in Section 4.
2. Model equations and parameters
The menstrual cycle for an adult female consists of the follicular
phase, ovulation and the luteal phase (e.g., see [15,16]). During the
follicular phase, under the inﬂuence of FSH, 6–12 follicles develop
and a dominant follicle is selected to grow to maturity. These follicles produce E2 which primes the pituitary to secrete LH in large
amounts. At mid-cycle, a rapid rise and fall of LH over a period of
5 days is referred to as the LH surge and is necessary for ovulation,
which commences 16–24 h after the surge. The ovum is released
and the dominant follicle becomes the corpus luteum, which produces hormones in preparation for pregnancy. If fertilization does
not occur, the corpus luteum atrophies which signals the end of
one cycle and the beginning of the next.
Selgrade and Schlosser [22] developed a nine-dimensional system of ordinary differential equations for the ovarian hormones
E2 ; P4 and total INH and, concurrently, Schlosser and Selgrade
[20] constructed a four-dimensional system for the pituitary hormones LH and FSH. Harris-Clark et al. [8] merged these two models
into a 13-dimensional system of differential equations, system (S),
describing the concentrations of the ﬁve hormones, estimated
parameters and showed that model simulations agreed with data
in McLachlan et al. [14], for normally cycling women. Pasteur
[17] estimated parameters for the same system using the data in
Welt et al. [24], which differ in units for some hormones from
the McLachlan data. Pasteur’s simulations [17] were a good
approximation of the Welt data. Special features of system (S) include four equations for the synthesis, release and clearance of
the gonadotropin hormones (S1)–(S4), where state variables
RP LH and RP FSH represent the amounts of hormones in the pituitary
and LH and FSH represent the blood concentrations of these hormones. Schlosser and Selgrade [20] assumed that E2 inhibits the release of the gonadotropin hormones (see the denominators in the
second terms of (S1) and (S3)) but at high levels E2 signiﬁcantly
promotes LH synthesis (see the Hill function in the numerator of
the ﬁrst term of (S1)). Also P4 and INH inhibit LH and FSH synthesis,
respectively, and hormone clearance is linear. Three discrete timedelays (62 days) were assumed for the effects of E2 ; P 4 and INH on
gonadotropin synthesis but for this study we set these delays equal
to zero to obtain system (S) below.
System (S)
V

d
1 kFSH ½1 þ cFSH;P P4 RP FSH
 aFSH FSH;
FSH ¼
dt
v
1 þ cFSH;E E22
d
MsF ¼ bFSH þ ½c1 FSH  c2 LHa MsF;
dt
d
SeF ¼ c2 LHa MsF þ ½c3 LHb  c4 LHSeF;
dt
d
PrF ¼ c4 LHSeF  c5 LHc PrF;
dt
d
Sc1 ¼ c5 LHc PrF  d1 Sc1 ;
dt
d
Sc2 ¼ d1 Sc1  d2 Sc2 ;
dt

¼ d2 Sc2  k1 Lut1 ;

ðS10Þ

¼ k1 Lut 1  k2 Lut2 ;

ðS11Þ

¼ k2 Lut 2  k3 Lut3 ;

ðS12Þ

¼ k3 Lut 3  k4 Lut4 :

ðS13Þ

To describe the production of E2 ; P4 , and INH in the ovary, Selgrade and Schlosser [22] used (S5)–(S13) to represent nine distinct
stages of the ovary based on the capacity of each stage to produce
hormones. This capacity was assumed proportional to the mass of
each stage, so the state variables represent the masses of the follicular or luteal tissues during the corresponding stages of the cycle.
The gonadotropins promote tissue growth within a stage and the
transformation of tissue from one stage to the next. Since clearance
from the blood of the ovarian hormones is on a fast time scale, we
assume that blood levels of E2 ; P4 , and INH are at quasi-steady
state [11] as did Bogumil et al. [2]. Hence, we take these concentrations to be proportional to the tissue masses during the appropriate stages of the cycle giving the following three auxiliary
equations A1, A2 and A3 for the ovarian hormones which appear
in (S).

Table 1
Parameters and values for system (S) and auxiliary equation (A).
Eqs. S1–S4
kLH
aLH
V 0;LH
V 1;LH
KmLH
KiLH;P
cLH;E
cLH;P
V FSH
aFSH
kFSH
cFSH;E
KiFSH;INH
cFSH;P
v

2.42 day1
14.0 day1
500 IU/day
4500 IU/day
200 pg/mL
12.2 ng/mL
0.004 mL/pg
0.26 mL/ng
375 IU/day
8.21 day1
1.90 day1
0.0018 mL2/pg2
3.5 IU/mL
12.0 mL/ng
2.50 L

ðS3Þ

Eqs. S5–S13
b
c1
c2
c3
c4
c5
d1
d2
k1
k2
k3
k4

ðS4Þ

c

0.05 L lg/(IU day)
0.08 L/(IU day)
0.07 (L/IU)a/day
0.13 (L/IU)b/day
0.027 L/(IU day)
0.51 (L/IU)c/day
0.50 day1
0.56 day1
0.55 day1
0.69 day1
0.85 day1
0.85 day1
0.79
0.16
0.02

Eq. (A)
e0
e1
e2
e3
p0
p1
p2
h0
h1
h2
h3

30 pg/mL
0.11 L1
0.21 L1
0.45 L1
0 ng/mL
0.048 kL1
0.048 kL1
0.4 IU/mL
0.009 IU/(lg mL)
0.029 IU/(lg mL)
0.018 IU/(lg mL)

E8

2
V 0;LH þ Km1;LH
8
8
d
kLH ½1 þ cLH;P P4 RP LH
LH þE2

;
RP LH ¼
dt
1 þ P4 =KiLH;P
1 þ cLH;E E2
d
1 kLH ½1 þ cLH;P P4 RP LH
 aLH LH;
LH ¼
dt
v
1 þ cLH;E E2
d
V FSH
kFSH ½1 þ cFSH;P P4 RP FSH

;
RP FSH ¼
dt
1 þ INH=KiFSH;INH
1 þ cFSH;E E22

d
Lut1
dt
d
Lut2
dt
d
Lut3
dt
d
Lut4
dt

ðS1Þ
ðS2Þ

a
b

ðS5Þ
ðS6Þ
ðS7Þ
ðS8Þ
ðS9Þ
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Auxiliary equations (A)

E2 ¼ e0 þ e1 SeF þ e2 PrF þ e3 Lut 4 ;

ðA1Þ

P4 ¼ p0 þ p1 Lut3 þ p2 Lut4 ;

ðA2Þ

INH ¼ h0 þ h1 PrF þ h2 Lut 3 þ h3 Lut4 :

ðA3Þ

The 41 parameters of (S) and (A) are listed in Table 1 and correspond to those which Pasteur [17] ﬁt to the Welt data except here
1
and
KmLH ¼ 200 pg=mL; e0 ¼ 30 pg=mL;c1 ¼ 0:08 L=IU day
1
a
c2 ¼ 0:07 ðL=IUÞ day instead of 180, 40, 0.09 and 0.09, respectively, and the three time-delays are taken to be zero. With these
new parameter values, simulations of the autonomous system (S)
with (A) give a reasonable ﬁt to the Welt data (see Fig. 1 for E2
and LH). The cycle in Fig. 1 appears to be the only asymptotically
stable periodic solution for the parameters in Table 1 in agreement
with Pasteur’s observations [17] for his best-ﬁt parameter set in
the system of delay differential equations. Although the Welt data
consist of daily hormone levels for 28 consecutive days, the period
of the cycle in Fig. 1 is approximately 26 days. The shorter period
reﬂects the fact that the LH surge occurs sooner in the cycle (from
day 10 to day 15) because, without the time delay, LH synthesis responds more rapidly to E2 stimulation. The follicular phase extends
from day 0 to day 13, ovulation occurs around day 14 and the lu-

teal phase extends from day 14 to day 26. Hormone levels depicted
in Fig. 1 represent those of a normally cycling woman and this cycle provides a good starting point for bifurcation analysis. Since the
solution in Fig. 1 is asymptotically stable, it can be reached after
iterating for two cycles (52 days) using the following initial conditions listed in the order of the 13 state variables in (S),
{40, 12, 20, 11, 5, 1, 1, 1, 1, 1, 1, 1, 1}.
3. Sensitive parameters and bifurcation diagrams
The rise in E2 during the follicular phase primes the pituitary for
LH secretion and the subsequent LH surge, which is necessary for
ovulation. Sensitivity analysis [17,21] with respect to the E2 follicular peak as system output indicated that the three most sensitive
parameters are the half-saturation constant KmLH in the Hill function in (S1), the LH exponent a in (S5) and (S6) and the ovarian
transfer parameter c2 in (S5) and (S6). Both a and c2 similarly affect the transfer of mass from the ﬁrst follicular stage MsF to the
second follicular stage SeF and, if either is increased, a decrease occurs in the follicular E2 peak. Hence, we examine only how changes
in KmLH and c2 affect the dynamical behavior of (S) with (A).
High levels of E2 stimulate LH synthesis because of the presence
of the Hill function in the numerator of the ﬁrst term of (S1). Dur-
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Fig. 1. Data (28 open circles per graph) from Welt et al. [24] and E2 and LH model simulations of system (S) with (A) giving a stable cycle of period 26 days.
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ing the follicular phase, this function of E2 provides a transition
from a low synthesis rate given by V 0;LH ¼ 500 IU=day to a maximal
rate of V 0;LH þ V 1;LH ¼ 5000 IU=day. When E2 reaches the value
KmLH then the synthesis rate is V 0;LH þ 0:5V 1;LH ¼ 2750 IU=day
and the pituitary is synthesizing LH in substantial amounts. In
addition, the positive sensitivity coefﬁcient of KmLH with respect
to the E2 follicular peak [17,21] indicates that increasing KmLH increases follicular E2. However, Selgrade et al. [21] suggest that follicular E2 levels at the high end of the normal range may result in
multiple stable cycles. To get a clear idea of how varying KmLH affects the number of stable cycles and the LH surge level, we draw
the bifurcation diagram (Fig. 2) of the maximal LH value along a cycle against different values of KmLH using XPPAUT [5].
Fig. 2 gives the bifurcation diagram with respect to the parameter KmLH. For values of KmLH between 50 and 77, the only stable
solution is an equilibrium (the solid curve in the lower left of
Fig. 2), which represents an anovulatory cycle because the LH level
is too low. A saddle-node bifurcation (SN) of periodic solutions occurs at KmLH ¼ 77:1 resulting in a stable cycle (solid curve) and an
unstable cycle (hollow curve) as KmLH increases. The stable cycle is
ovulatory and continues to the normal cycle at KmLH ¼ 200 (denoted by the  in the ﬁgure). At KmLH ¼ 93:4, a Hopf bifurcation
(HB at the left in Fig. 2) occurs which results in a stable periodic
solution (solid curve) and an unstable equilibrium (the lighter
curve that continues to the right from HB). This stable cycle exists
only until KmLH ¼ 97:9 where it coalesces with the unstable cycle
and both disappear via a saddle-node. When KmLH ¼ 211:7, another saddle-node bifurcation results in a small amplitude stable
cycle (solid curve) and an unstable cycle (hollow curve). The stable
cycle disappears at HB. The unstable cycle annihilates the large
amplitude (normal) cycle as KmLH increases to 245.8 (SN at the
far right). The sigmoid shaped curves on the left and the right in
Fig. 2 which contain stable and unstable cycles are referred to as
hysteresis curves or loops. For each KmLH value within a hysteresis
curve, there is a stable normal cycle (large amplitude LH) and a stable anovulatory cycle (small amplitude LH). For KmLH in the interval 97:9 < KmLH < 211:7 between the lower SN’s in Fig. 2 and,
hence, between the hysteresis curves, there is only one stable cycle
and it is ovulatory. We refer to this KmLH interval as the cycle
uniqueness interval. For c2 ¼ 0:07, the diameter of this interval is
about 114. To guarantee that a woman has only a normal cycle,

Table 2
Cycle uniqueness interval for decreasing values of c2.
c2

Interval diameter

KmLH Bounds

0.080
0.070
0.060
0.050
0.040
0.025
0.020

102
114
118
81
50
263
288

84 < KmLH < 186
98 < KmLH < 212
122 < KmLH < 230
153 < KmLH < 234
181 < KmLH < 231
51 < KmLH < 314
75 < KmLH < 363

her KmLH parameter must be within the cycle uniqueness interval.
Decreasing KmLH from its value in Table 1, 200 pg/mL, keeps it
within the interval and increases the LH surge. However, increasing
KmLH only slightly to 212 moves KmLH to a region of multiple cycles
and possible anovulation.
Here we investigate how variations in the ovarian transfer
parameter c2 will change the size of the cycle uniqueness interval.
The sensitivity coefﬁcients for c2 with respect to both the E2 follicular peak and the LH peak are negative and signiﬁcant [17,21].
Increasing c2 causes a more rapid transfer of mass from the ﬁrst
follicular stage MsF to the second stage SeF which diminishes the
development of not only MsF but of all subsequent ovarian stages.
Hence, increasing c2 reduces hormone production. Also, the cycle
uniqueness interval is decreased (see Table 2) and, for larger values
of KmLH in the interval, the LH surge level may not be sufﬁcient to
cause ovulation. On the other hand, decreasing c2 widens the cycle
uniqueness interval slightly (see Table 2) and moves it to the right
along the KmLH-axis because more E2 is secreted and sufﬁcient LH
is synthesized for larger half-saturation constants. As c2 continues
to decrease, the cycle uniqueness interval begins to shrink because
the hysteresis curves enlarge (see Fig. 3 for c2 ¼ 0:05). When
c2 ¼ 0:05, the large amplitude stable cycle exist for a large interval
of KmLH values but for a major portion of that interval there also
exists a stable equilibrium or small amplitude stable cycle. Hence,
the cycle uniqueness interval between the lower saddle-nodes (SN)
has diameter of only 81. Suddenly, as c2 decreases below 0.03, the
cycle uniqueness interval expands greatly, e.g., if c2 ¼ 0:025 (see
Fig. 4) then the diameter is 263 (see Table 2). For c2 ¼ 0:025, the
hysteresis curve which was on the left in bifurcation diagrams
for greater c2 values has disappeared and this results in a much larger cycle uniqueness interval.
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Fig. 2. Bifurcation diagram with respect to KmLH when c2 ¼ 0:07. HB and SN denote
Hopf and saddle-node bifurcations. The  indicates the position of the cycle for the
parameters of Table 1 and this cycle is the only stable solution at
KmLH ¼ 200 pg=mL. The cycle uniqueness interval is 97:9 < KmLH < 211:7, i.e., the
interval between the lower saddle-nodes.
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Fig. 3. Bifurcation diagram with respect to KmLH when c2 ¼ 0:05. The cycle
uniqueness interval between the lower SN’s is 153 < KmLH < 234.
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Fig. 4. Bifurcation diagram with respect to KmLH when c2 ¼ 0:025. The cycle
uniqueness interval is 50:9 < KmLH < 314, which is much larger than for greater c2
values.

The bifurcations occurring near c2 ¼ 0:03 which permit the
expansion of the cycle uniqueness interval include two new Hopf
bifurcations and a transcritical bifurcation of periodic solutions.
For c2  0:0308, a small set of stable periodic solutions appears
along the curve of equilibria to the left of the left hysteresis curve,
see Fig. 5. The stable equilibrium at the far left in Fig. 5 undergoes a
Hopf bifurcation at KmLH ¼ 51:02 resulting in a stable periodic
solution which quickly disappears in another Hopf bifurcation at
KmLH ¼ 60:95. We refer to this phenomenon as a Hopf bump. As
c2 decreases, the Hopf bump enlarges and touches the hysteresis
curve when c2 ¼ 0:0305, see Fig. 6. The intersection of the Hopf
bump and the hysteresis curve produces a transcritical bifurcation
of periodic solutions in the parameter KmLH. Then as c2 decreases
farther, the Hopf bump appears on the other side of the hysteresis
curve (Fig. 7) and quickly shrinks and disappears. This sequence of
bifurcations results in a much larger cycle uniqueness interval as in
Fig. 4 where c2 ¼ 0:025.
When c2 ¼ 0:0305, a transcritical bifurcation of periodic solutions occurs in the parameter KmLH at KmLH ¼ 56:89. There is an ex-

300

350

400

Fig. 6. Bifurcation diagram with respect to KmLH when c2 ¼ 0:0305. A transcritical
bifurcation occurs at KmLH ¼ 56:89. s denotes a stable cycle.

change of stability along the curves of cycles as they pass through
the point KmLH ¼ 56:89, in the sense that for KmLH < 56:89 the
upper curve consists of unstable cycles until KmLH ¼ 56:89 where
the cycles change to stable but the lower curve consists of stable
cycles for KmLH < 56:89 and changes to unstable as KmLH passes
through 56.89. A blow-up of this transcritical bifurcation is given
by Fig. 8. As c2 decreases, a standard unfolding of the transcritical
bifurcation [6] is depicted in Figs. 8 and 9, which are blow-ups of
Figs. 5–7 near the bifurcation point. In Fig. 9(a), where
c2 ¼ 0:0308, the Hopf bump lies below and to the left of the unstable branch of the hysteresis curve. At c2 ¼ 0:0305, the Hopf bump
and the hysteresis curve touch at the point of transcritical bifurcation KmLH ¼ 56:89, see Fig. 8. Then as c2 decreases to 0.0302, these
curves separate into a narrow hysteresis curve with a saddle-node
bifurcation, where cycle stability changes, and a Hopf bump to the
right with another saddle-node, see Fig. 9(b). This unfolding of the
transcritical bifurcation may be symbolized roughly by the family
of hyperbolas (see [6, p. 205, #2]):

LH2  ðKmLH Þ2 ¼ c2  0:0305:
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Fig. 5. Bifurcation diagram with respect to KmLH when c2 ¼ 0:0308. A Hopf bump is
present along the far left portion of the curve of equilibrium. s denotes a stable
cycle.
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Fig. 7. Bifurcation diagram with respect to KmLH when c2 ¼ 0:0302. The Hopf bump
is to the right of the left hysteresis curve, which is very narrow. s denotes a stable
cycle and u, an unstable cycle.
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Fig. 8. Blow up of transcritical bifurcation at KmLH ¼ 56:89 when c2 ¼ 0:0305. There
is an exchange of stability as the curves of cycles cross. Darker curves are stable
solutions and lighter or hollow curves, unstable solutions. s denotes a stable cycle.

Hence, this rapid sequence of bifurcations as c2 decreases opens
a large cycle uniqueness interval of KmLH values where only one
stable cycle exists. When c2 ¼ 0:025, this interval has a diameter
of 263 along the KmLH-axis as compared to 114 when c2 ¼ 0:07.
Although hormone levels for cycles when c2 ¼ 0:025 are somewhat
abnormal, LH surges are sufﬁcient for ovulation (see Fig. 10 where
KmLH ¼ 300 pg=mL). Notice that the LH surge in Fig. 10 is broader
than normal and luteal levels are higher than follicular levels. Also,
for this cycle, E2 is twice the normal level which may indicate the
presence of several dominant follicles.

4. Biological implications and conclusion
Here we study bifurcation behavior of the Welt model (delays
equal zero) with respect to variations in the most sensitive parameters, KmLH and c2 . KmLH is the half-saturation parameter in the
Hill function for LH synthesis (S1) and this value represents the level of E2 for signiﬁcant LH synthesis in the model. An LH surge is
necessary for a normal menstrual cycle and for ovulation. We
introduce the notion of a cycle uniqueness interval which is an

15

20

interval of KmLH values where there is a unique stable periodic
solution and it represents an ovulatory cycle. If KmLH lies outside
the interval then either no LH surge occurs or there are two stable
cycles – one is ovulatory and the other is anovulatory. The best-ﬁt
parameter set for the McLachlan model [8] has its KmLH value outside the cycle uniqueness interval and, consequently, has two stable cycles. A large cycle uniqueness interval will mean that a wide
range of follicular E2 levels will promote the LH surge and will
guarantee an ovulatory cycle. We observe that the bifurcation diagram of maximum LH graphed against the KmLH value has hysteresis curves at high and low KmLH and the cycle uniqueness interval
lies between saddle-node bifurcations at the lower ends of these
hysteresis curves (Figs. 2 and 3).
The parameter c2 measures mass transfer between the ﬁrst two
stages of ovarian development and is indicative of healthy follicular growth. Too large a c2 value results in mass transfer which is too
rapid for the normal development of the ﬁrst and subsequent
stages of the ovaries. Also, varying c2 changes the cycle uniqueness
interval (Table 2). Decreasing c2 from 0.07 (its value in Table 1)
widens the cycle uniqueness interval slightly and moves it toward
larger KmLH values because more E2 is secreted and sufﬁcient LH is
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Fig. 10. LH data (28 open circles) from Welt et al. [24] and model simulation when
c2 ¼ 0:025 and KmLH ¼ 300 pg=mL giving a stable cycle of period 27.5 days. Initial
conditions listed in the order of the state variables of (S) are
{40, 12, 20, 11, 5, 1, 1, 1, 1, 1, 1, 1, 1}.
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Fig. 9. (a) Blow up for c2 ¼ 0:0308. (b) Blow up for c2 ¼ 0:0302. s indicates a stable cycle and u, an unstable cycle. SN denotes two saddle-nodes.
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synthesized for larger half-saturation constants. As c2 continues to
decrease, the cycle uniqueness interval begins to shrink because
the hysteresis curves enlarge (Fig. 3) until a sudden quadrupling
of the interval diameter occurs near c2 ¼ 0:03. The mathematical
explanation for this quadrupling is the formation of a Hopf bump
of periodic solutions (Fig. 5) followed by a transcritical bifurcation
(Fig. 6). Having c2 quite small allows for early and excessive follicular growth and follicular E2 concentration twice that of the Welt
data [24]. So, although there is an LH surge for c2 less than 0.03
(Fig. 4), E2 levels may be high enough to be considered harmful if
these levels persist over many cycles. To attain a normal ovulatory
menstrual cycle a balance must be maintained between healthy
development of the follicles and ﬂexibility in E2 levels needed to
produce the LH surge.
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