Bulletin of Mathematical Biolog{2002)00, 1-17
doi:10.1006/bulm.2002.0326 @

Available online at http://www.idealibrary.com mlli);l@

Multiple Stable Periodic Solutions in a Model for
Hormonal Control of the Menstrual Cycle

LEONA HARRIS CLARK*

Department of Mathematics,
North Carolina State University,
Raleigh, NC 27695-8205,
U.S.A.

E-mail: Harris.Leona@epamail.epa.gov

PAUL M. SCHLOSSER

CIIT Centers for Health Research,
P.O. BOX 12137,

Research Triangle Park, NC 27709,
U.S.A.

E-mail: schlosser@ciit.org

JAMES F. SELGRADE

Department of Mathematics and Biomathematics Program,
Box 8205,

North Carolina State University,

Raleigh, NC 27695-8205,

U.S.A.

E-mail: selgrade@math.ncsu.edu

This study presents a nonlinear system of delay differential equations to model
the concentrations of five hormones important for regulation and maintenance of
the menstrual cycle. Linear model components for the ovaries and pituitary were
previously analyzed and reported separately. Results for the integrated model are
now presented here. This model predicts serum levels of ovarian and pituitary
hormones which agree with data in the literature for normally cycling women.
In addition, the model indicates the existence and stability of an abnormal cycle.
Hence, the model may be used to simulate the effects of external hormone therapies
on abnormally cycling women as well as the effects of exogenous compounds
on normally cycling women. Such simulations may be helpful in understanding
the role of xenobiotics in fertility problems, in predicting successful hormone
therapies, and for testing hormonal methods of birth control.

(© 2002 Published by Elsevier Science Ltd on behalf of Society for Mathematical
Biology.

*Present Address: U.S. Environmental Protection Agency, Research Triangle Park, NC 27709,
U.S.A.
TAuthor to whom correspondence should be addressed.

0092-8240/02/000001 + 17 $35.00/0 (© 2002 Published by Elsevier Science Ltd on behalf of
Society for Mathematical Biology.



2 L. H. Clarket al

1. INTRODUCTION

Control and regulation of the menstrual cycle in adult women depends on the
coordinated actions and reactions of ovarian and pituitary hormones. Follicle
stimulating hormone (FSH) and luteinizing hormone (LH), which are produced
by the pituitary gland, initiate the development of ovarian follicles and regulate the
phases of the ovary and the production of ovarian hormonesYgsed 980 1999)
Hotchkiss and Knobi(1994) andZeleznik and Beny@1994)]. Simultaneously, at
least three ovarian hormones, estradi6}), progesteronéP,), and inhibin(lh),
affect the synthesis and release of LH and FSH via the hypothalamus and the
pituitary. We are developing a physiologically based model which describes the
roles of these five hormones in this dual control system and which predicts serum
concentrations of these hormones consistent with data in the literature for normally
cycling women [se&elgrade and Schlosgdi999, Schlosser and Selgra¢2000),

Harris (2001) andSelgradg2001)].

McLachlan and Koracli1995 andDastonet al. (1997 have suggested that the
estrogenic activity of environmental substances may disrupt the sexual endocrine
systems in both humans and animals. This activity may be contributing to the
increased incidence of breast cancbayis et al., 1993, to declines in sperm
counts Gharpe and Skakkebaek993, and to developmental abnormalities
(McLachlan 1985. In addition, many fertility problems in women are coincident
with abnormal serum levels of the ovarian and pituitary hormones. For instance,
polycystic ovarian syndrome (PCOS) is usually accompanied by adyglzon-
centration and a higher than normal ratio of LH concentration to FSH concen-
tration [see Yen (1999)]. Our mathematical model can be used to investigate the
existence and stability of abnormal cycles and to simulate the effects of external
hormone therapies on abnormally cycling women as well as the effects of exoge-
nous compounds on normally cycling women. Such simulations may be helpful
in understanding the role of xenobiotics in fertility problems, in predicting suc-
cessful hormone therapies, and in testing hormonal methods of birth control which
function by suppressing the mid-cycle surge in LH.

Here we present a model consisting of 13 nonlinear, delay, differential equations.
In Section2, we briefly discuss the modeling process and review two preliminary
linear models for the production of the ovarian hormorgsigrade and Schlosser
1999 and for the production of the pituitary hormone&xhlosser and Selgrade
2000. To validate our new nonlinear model, we show that it has an asymptotically
stable periodic solution which closely approximates datéMitLachlanet al.
(21990 for 33 normally cycling women. This data set contains daily averages of
the five hormones for 31 consecutive days and these averages were computed by
centering data from each individual woman about the day of her LH surge. Using
Hopf bifurcation theory and the software &nhgelborghset al. (2000, DDE-
BIFTOOL, we exhibit another stable periodic solution for the same parameter
values for which the solution that approximates normal hormonal levels exists.
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This new solution may describe some biologically feasible ‘abnormal’ condition in
women and has some similarities to PCOS. Exogenous progesterone treatments are
presented which perturb the system from the ‘abnormal’ cycle to the normal cycle.

In addition, we demonstrate exogenous estrogen inputs which cause disruption to
the normal cycle and which ultimately result in abnormal cycling. Hence, this
model illustrates the possibility of environmental endocrine disruption.

2. MODEL DEVELOPMENT

A normal menstrual cycle for an adult woman ranges anywhere from 25 to
35 days in duration@jeda 1992 and consists of two phases, the follicular phase
and the luteal phase, separated by ovulation. The pituitary, responding to signals
from the hypothalamus, synthesizes and releases the gonadotropin hormones, LH
and FSH. Although these hormones have a pulsatile secretion pattern, we assume
that the ovary responds to average serum levels of LH and E8ldI( 1979, so
our model tracks daily average hormone concentrations. Concurrently, the ovary
producesE,, P4, andlh, which control the pituitary’s synthesis and release of the
gonadotropin hormones during the various stages of the cycle.

Chavez-Rosg1999 reviewed much of the literature on mathematical models
of the menstrual cycle and the estrus cycle of rodents, including models of
follicle growth and selection as well as cycle regulation. Previous models of
cycle regulation [e.g.Schwartz(1970, Bogumil et al. (1972ab), Mclntosh and
Mclintosh(1980), Plouffe and Luxenberfl992] have useful components but also
contain elements which are not based on biological mechanisms. For instance,
they may contain a switch to turn on the LH surge or convolution integrals which
weight the effects oE, concentrations over time. We try to link the terms in our
differential equations model to physiological mechanisms.

Our modeling approach is divided into three steps. The first two steps developed
linear, time-dependent systems for the production of the pituitary hormones [see
Schlosser and Selgra¢®000] and for the production of the ovarian hormones [see
Selgrade and Schlossg999]. The third step carried out in this work creates a
13-dimensional, highly nonlinear, autonomous system by merging these two sim-
pler components. Using the linear bidiagonal structure of the pituitary and ovarian
systemsSelgrade and Schlosgd999 showed that if each linear system has peri-
odic hormone inputs of the same period then the system has a unique, globally
asymptotically stable periodic solution of that period. However, this strong result
for both linear systems does not imply any stability properties for the nonlinear sys-
tem formed by merging these linear component systems. In fact, here we exhibit
two locally, asymptotically stable periodic solutions for the merged system.

2.1. Pituitary model. Firstly, Schlosser and Selgrad2000 derived two sys-
tems of linear ordinary differential equations which describe the pituitary’s syn-



4 L. H. Clarket al

synthesis release clearance
Hypothalamus/Pituitary Serum
—_ 4 +
Ih E
+ 2 —

Figure 1. Control of the pituitary’s synthesis and release of LH and FSH. Compartments
represent the brain and the blood. The plus or minus arrows indicate stimulatory or
inhibitory effects of ovarian hormones on synthesis and release.

thesis and release of LH and FSH as controlled by the ovarian hormones. Data
from McLachlanet al. (1990 were used to obtain input functions for serum levels

of E,, P4, andlh. The state variables are pituitary and serum levels of LH and
FSH and the differential equations are linear in these variables but, since the inputs
are functions of time, the systems are nonautonomous. To obtain the LH and the
FSH systems we assume that gonadotopin synthesis occurs in the pituitary, and the
hormones are held in a reserve pool for release into the blood strearvgsee

et al (1976]. The stimulatory and inhibitory effects of the ovarian hormones on
this process are indicated in Fit.

Let RRy denote the state variable which represents the amount of LH in the
reserve pool and let LH denote the serum concentration of LH. The system of
differential equations governing the synthe@s,), release(r ) and clearance
(¢ n) of LH has the form

d
aRH_H =S H(E2, Ps) —ren(Ez, Ps, RBH)

d 1
aLH = ;rLH(EZ P4, RPH) — ey (LH) 1)
where
8
VO L V1,|_H8[E2(t)] -
E,. Py = ’ [Kmpy] +[|=j2(t)] i 1a
Sn(Ez: Pa) 1+ Pyt —dp)/KiLnp (1a)
Kin[1+ cn,p Pa(D)IRPLH
rin(Ez, Pa, RRLK) = : , 1b
LH =2, T4 H 14+ cneEa(t) (1b)
and
CLH(LH) =apnlLH. (lC)

In (1), Ex(t) and P4(t) are the inputs which are explicit functions of time approxi-
mated from the data for serum concentrationEeofnd P4. The terms (E», Ps)
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captures the effects d&, and P, on LH synthesis. Clinical experiments [e.g.,
Tsai and Yer(1971), Swerdloffet al. (1972, Karschet al. (1973ab), Liu and Yen
(1983, Clarke and Cumming$1984)] have indicated that LH exhibits a biphasic
response tde, concentrations of various strengths and durations. To model this
responseSchlosser and Selgra@2000 assumed that the effect & on LH syn-
thesis is different than the effect on LH release, i inhibits release [see the
denominator in Ib)] but at high levelsE; significantly promotes synthesis [see
the Hill function in the numerator ofl@]. The release term y(E;, Py, RR ) is
the product of RB; and a function which includes the inhibitory effect & on
the release of LH into the blood. This term divided by blood volumeppears
in the differential equation for the state variable LH, which also contains a linear
clearance term. The parameters I@{(1c) are named according to the tradi-
tional scheme for chemical reactions, e\grepresents the velocity of the reaction
[seeKeener and Sney(l998]. The time-delay parametels, which is assumed
only for the synthesis term, describes the period between the time when changes
in serum levels ofP, occur and the time when subsequent changes in LH syn-
thesis rates occur. A similar delay f@&, was initially included Schlosser and
Selgrade2000 but recent parameter identificatioddrris 2007) indicated that it
was insignificant.

The pair of differential equations for synthesis and release of FSH (see M3 and
M4) have a form similar toX) and are discussed in detail@thlosser and Selgrade
(2000 where

VEsH
Ih) = - , 2a
Ses(I) 1+ Ih(t —din)/KirsHin (22)
KesH[1 + Crshp Pa(t) IRPesH
r E,, P4, R = , 2b
FsH(E2, Ps, RPrsp) 1+ Cronel Eo(D 2 (2b)
and
CrsH(FSH) = apsyFSH (ZC)

Both the LH and FSH systems are linear and time-dependent differential
equations with 17 parameters in total. The clearance rates and the volume of
distributionv were found in the literature but the other parameters were crudely
estimated infSchlosser and Selgrad2000 using the data fronMcLachlanet al.

(21990. Harris(2007) applied a Nelder-Meade minimizer in a least squares routine
to reparameterize the LH and FSH systems and to obtained the improved values
listed in Tablel.

2.2. Ovarian model. To describe the production dE,, P,, and Ih in the
ovary, Selgrade and Schlossgr999 derived a linear, time-dependent system of
nine ordinary differential equations [sed%) through M13) in the merged system
(M1)-(M13) below] to represent nine distinct stages of the ovary based on the
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Table 1. Parameter values for the LH and FSH equations.

LH equation () FSH equation
Ky 2.49 da)Tl VEsSH 5700 pug day_l
aH 14.0 day! aFsH 821 day?
VO.LH 1263.4 g day 1 Kesh 7.29 day?
ViLH 91000 ng day1 din 2.00 days
Kmiy 360 ng L1 CFSHE 0.16 (L/ng?
KiLn.p 31.22 nmol -1 Kipsniph 641 ULt
CLH.E 0.0049 Lng? CFSH P 644 L nmot?
CLH.P 0.07 L nmot1 v 250 L
dp 1.00 day

capacity of each stage to produce hormones. The dependence on time appears in
the gonadotropin input functions, LH and FSHt), which were obtained from

the data ifMcLachlanet al. (1990. The capacity to produce hormones is assumed
proportional to the mass of each stage, so the state variables represent the masses of
the ‘active’ follicular or luteal tissues during the corresponding stages of the cycle
(see Fig.2). The follicular phase of the cycle consists of the follicle recruitment
stage, RcF, the secondary follicular stage, SeF, and the preovulatory follicular
stage, PrF. The transitional period between the follicular phase and the luteal phase
is divided into two stages referred to as ovulatory sc8ig,and S¢. The luteal

phase consists of four stages, iLidri = 1,...,4. The gonadotropins promote
tissue growth within a stage and the transformation of tissue from one stage to the
next as indicated in Fic.

Since clearance from the blood of the ovarian hormones is on a fast timescale, we
assume that serum levels®f, P, andl h are at quasi-steady state [¢&ener and
Sneyd(1998 as didBogumil et al. (19723]. Hence, we take these concentrations
to be proportional to the tissue masses during the appropriate stages of the cycle
giving the following three auxiliary equations for serum level€ef P, andlh as
functions of time:

Ex(t) = & + e:SeRt) + ePrHt) + esLuts(t), (3a)
P4(t) = paLuts(t) + poLute(t)  and (3b)
Ih(t) = ho 4 hiPrRt) 4 hoLuts(t) 4+ haluts(t). (3c)

The first term on the right inM5), bFSH, represents the pituitary’s stimulation
of premature follicles and initiates the cyclic changes within the ovary. Follicle
growth rates during the follicular phase are assumed proportional to the FSH and
LH serum levels, se®dell (1979. The transition from the secondary follicular
stage to the preovulatory follicular stage corresponds to the selection of the
dominant follicle and depends on LH. The dominant follicle secretes large amounts
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Figure 2. Diagram of the stages of the ovary. Compartments represent follicular or luteal
tissue in each stage. Solid arrows indicate transformation of tissue from one stage to
another or growth within a stage when pointing back to the same compartment. Open
arrows indicate induction by gonadotropins. Dotted arrows indicate synthesis of ovarian
hormones.

of E, as reflected in3a), seeBaird (1976. Ovulation and luteinization are not
instantaneous event®dell, 1979 and are represented by two stages referred to
as ovulatory scars. Little hormone synthesis is assumed during this period. The
transition is promoted by LH as reflected by the first term in the equatio8 ¢or
Then, in the model the capacity to produce hormones cascades through four luteal
stages. The primary source Bf and | h is the corpus luteum as indicated Bbj
and @c).

To improve on the parameter estimation for the ovarian system and the auxiliary
equations inSelgrade and Schlossét999, Harris (2001 used Nelder—Meade
with least squares to obtain Talile

2.3. Merged model. The final step of this modeling process is to merge the
pituitary and ovarian systems into a single 13-dimensional system of nonlinear,
delay differential equationd1)—(M13) with the three auxiliary equations (3).
While the two model components were described previously, results for this
merged system are presented for the first time here. In the merged system the
functions LH and FSH are state variables and the functi®nsP,, and Ih are

linear combinations of the ovarian state variables via the auxiliary equations.
Hence, systemM1)-(M13) is autonomous since there are no time-dependent
inputs as there were in the pituitary and ovarian systems. In addition, (M1-M13) is
highly nonlinear, e.g., the first term iM() contains a rational function of degree 8

in the state variables. Discrete delays are present in the FSH and LH synthesis
terms. The inhibitory effect oP, on LH synthesis present ifil) results in delay
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Table 2. Parameter values for ovarian and auxiliary equations.

Ovarian equationdy5)—-(M13) Auxiliary equation (3)
b  0.0040 Lday? e 48.000 ngl?
c; 0.0058 Luglday?! e 01044 1k?
c; 0.0480 day!? e 01659 1kl
cg 0.0040 day? e3 02309 1kl
cs 0.0061 day? pp 0.0500 nmollc?pg™?!
cs 1.2655 day? p,  0.0500 nmolL1 g1
d; 0.6715 day!? hg 27428 ULl
d, 0.7048 day!? hy 0.4064 UL 1lug?
ki 0.6876 day? h, 04613 UL1lpug?
ko 0.6900 day? hg 21200 UL1lug?
ks 0.6891 day?
ks 0.7093 day?
a 07736
g 0.1566
y  0.0202

affecting two state variables vi&lf) and a similar effect oth on FSH in (M3)
affects three state variables viac]. To study the dynamical behavior d¥i()—
(M13), we use the delay differential equation soN@DE23 of Shampine and
Thompson(2007).

vV, + Vi LH Eg
d OLH T Kmg, +ES Kin[1 4+ cLh,p PalRPLH
—RPBH{ = . — (M1)
dt 1+ Py(t — dp)/Kipn,p l+cnek
d 1ken[1+ cn, pPaIRPLH
“LH=" : —ayLH M2
dt v 1+ CLH.E E, AH ( )
ERPFSH _ VEsH _ _ kesH[1+ Ceshp P4]2RPFSH (M3)
dt 1+|h(t—d|h)/K||:SH|h 1+CFSH,EE2
d 1k 1+c P4IR
d gy Lkesrll+ Cesnp 4]2 Pesh acsFSH (M4)
dt v 1+ CrsHeES
d
aRCF: bFSH+ [¢iFSH— c,LH*]RCF (M5)
d
aSeF: CoLH*RCF+ [csLH? — c,LH]SeF (M6)
d
EPrF: c4LH SeF— csLH” PrF (M7)
d
—Sg =cLHYPrF—d;Sg (mM8)

dt
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Figure 3. The solid curves (normal cycle) represent serum concentrations of LEEpdad
normally cycling women as predicted by the merged sysi){(M13) andO’s represent
the daily mean serum levels of LH affitp for 33 women inMcLachlanet al. (1990.

d

aSQ =d;Sg — d>,S6 (M9)
d
&Lutl = ngQ — k]_LUt]_ (MlO)
d
&Lutz = leUtl — kzLUtz (Mll)
d
&Lut3 = kzLUtz — k3LUt3 (MlZ)
d
&LUM = k3|_Ut3 — k4|_Ut4. (M13)

3. RESULTS

Simulations of systemM1)—-(M13) were run using the parameter values in
Tablesl and2 without further adjustment to the parameters. The initial conditions
for FSH and LH were chosen to correspond to the initial data valugkirachlan
et al (1990 and the initial conditions for the other state variables were chosen
as a result of numerical experiments with the pituitary and ovarian systems. For
these initial conditions, we observe a locally asymptotically stable periodic solution
(Fig. 3) which approximates the datalicLachlanet al. (1990 and we refer to this
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Figure 4. Pituitary hormones, FSH and LH, for the simulated normal cycle (solid curve)
and the simulated abnormal cycle (dashed curve).

solution as themormalcycle. The period of this normal cycle is roughly 29.5 days
as compared to the period of the data which we assume is 31 days.

For this same set of parameter values, there exists another locally asymptotically
stable periodic solution of period 24 days, which we calldbaormalcycle. We
discovered this solution using the theory of Hopf bifurcations and the software
of Engelborghset al. (2000, DDE-BIFTOOL, to track periodic solutions as
parameters change from the values where Hopf bifurcation occurs. Numerical
simulations indicate that the domain of attraction of this solution is smaller than
that of the normal cycle [seBlarris (200))]. A detailed study of the domains
of attraction will be the topic of future work. The abnormal cycle may describe
some abnormal condition in women and, in fact, has some similarities to PCOS.
Figures4 and5 compare the hormone profiles of the normal and abnormal cycles
for 150 days.

For the abnormal cycle, tHe, levels vary only slightly throughout a period, FSH
andP, concentrations are lower than those of the normal cycle, and the average LH
concentration is slightly higher except at the time of the surge. Hence, the ratio of
LH to FSH is elevated above that for the normal cycle. These characteristics are
present in many PCOS individuals, see Yen (1999)Madshallet al. (2001).

3.1. P4 treatment. Since PCOS is the leading cause of female infertility in
the United StatesNestleret al, 1998, clinical and experimental treatments
have been implemented to correct hormonal imbalances in PCOS women, e.g.,
Petsoset al. (1986, Anttila et al. (1992, Buckler et al. (1992, Fiad et al.

(1996 and Nestleret al. (1998. One cause of these imbalances may be that
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Figure 5. Ovarian hormoneg,y, P4 and|h, for the simulated normal cycle (solid curve)
and the simulated abnormal cycle (dashed curve).

the persistent rapid pulses of gonadotropin releasing hormone (GnRH) during the
luteal phase of the cycle favor LH synthesis instead of FSH synthiksisshall
et al,, 200]). Sustained levels oP,; during the luteal phase of the normal cycle
inhibit the amplitude and frequency of GnRH secretion. Hence, the administration
of exogenous progesterone has been used to elevate $&rtonnormal luteal
levels and, subsequently, to reduce the LH/FSH ratio Retsoset al. (1986,
Anttila et al. (1992, Buckleret al. (1992 andFiadet al. (1996]. In our model, the
administration of exogenous progesterone may be implemented easily by adding a
term to the progesterone auxiliary equati@)( Our P4 therapy (see the middle
graph of Fig.6) adds 80 nmol t* to (3b) for 5 days at the beginning of the luteal
phase of the abnormal cycle. Because of a slight rise in LH around day 84jFig.
and decreasinde, at that time (Fig.5), we assume that the luteal phase of the
abnormal cycle begins on day 8 and we admini§efrom day 8 to day 13. This
treatment increases sertPnby 80 nmol L1 for those 5 days and results in normal
P, concentrations in the next cycle (see the bottom graph of@jigas well as
normal levels of the other hormones. Figutshows that, during the treatment
period, LH initially spikes becausi, promotes LH release but then decreases to
normal luteal phase levels for the duration of the treatment becBugehibits
LH synthesis. This behavior is consistent with what has been observed in clinical
experiments, seBuckleret al. (1992.

Mathematically, a perturbation to the abnormal cycle caused by the addition
of 80 nmol L of P4 results in the solution leaving the domain of attraction
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Figure 6. Progesterone treatment restores the normal circulation of hormones. The top
graph depict, serum levels for the abnormal cycle. Administering progesterone for the
first 5 days of the luteal phase (middle graph) of the abnormal cycle sdghavels are
elevated by 80 nmol T2 rapidly recovers the normal cycle (bottom graph).

of the abnormal cycle and rapidly approaching the normal cycle. If a treatment
of 50 nmol ! for 5 days is administered then it takes approximately 120 days
(four normal cycle lengths) for the normal cycle to be attained. With a treatment of
only 30 nmol L1 for 5 days, the normal cycle will not be recovered. A complete
dose—response analysis f&y administration will be carried out in the future.

3.2. Ej disruption. There is increasing concern that environmental substances
with estrogenic activity may disrupt the sexual endocrine system in humans and
animals, [e.g., se®lcLachlan and Koracl§1995 or Dastonet al. (1997]. The
effects of exogenous estrogen on the dynamical behavior of our model may be
tested by adding a term to the estrogen auxiliary equa8en The middle graph

in Fig. 8 depicts an exogenous, exposure of 50 ng t* for one complete cycle
(~30 days), followed by a cycle with no exposure and then followed by another
30 day period of exposure. This periodic disruption is applied at the beginning of
the normal cycle. After the first 30 day exposuEg, levels return to near normal
ranges for a complete month (see the third graph in &igHowever, the second

E, exposure results in aB, profile which never reaches a level sufficient to elicit

an LH surge. Hence, after about 90 days from the beginning of exposure, the
disrupted solution lies in the domain of attraction of the abnormal cycle but it takes
another 180 days (6 normal cycles) for this disrupted solution to become quite close
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Figure 7. Effect ofP4 treatment on the LH of the abnormal cycle. LH spikes between
days 8 and 9 and then decreases to normal luteal phase levels for the duration of the
treatment becaud®, inhibits LH synthesis.

to the abnormal cycle (day 270 in Fig). Surprisingly, a continuoug, exposure

of 50 ng L* for 60 days (two cycles) will not disrupt the normal cycle. However,
continuous exposures at higher levels will cause cycle disruption. A strength and
duration study for this phenomenon will be the subject of future work.

4, SUMMARY AND CONCLUSIONS

Here we have presented a model for hormonal control of the menstrual cycle
which involves five hormones essential to this process. The system of 13 delay
differential equationsNI1)—(M13) has 42 parameters (Tabldsand 2) which
were identified using data from the literature. For these parameters, the model
exhibits at least two locally asymptotically stable periodic solutions. One solution
approximates the data and we suggest that the other solution represents some
abnormal condition in women, possibly PCOS. An exhaustive study of state space
needs to be done to determine if there are other stable solutions. Also, the domains
of attraction of stable solutions need to be mapped. The abnormal cycle may
be obtained from a supercritical Hopf bifurcatioin by varying a single parameter.
Hence, if only one parameter in Tablésand2 is changed, systenM1)—-(M13)
has a stable equilibrium. We intend to investigate the physiological significance of
this equilibrium solution.

In clinical experiments, progesterone treatment has been used to normalize the
gonadotropin levels of PCOS patients. We illustrate,aherapy which perturbs
the abnormal cycle to the normal cycle within 1 month. Also, we present an
exogenous estrogen exposure which disturbs the normal cycle enough that the
system ultimately oscillates abnormally. OtHeytreatments andkE, disruptions
are possible and will be the subjects of future studies.
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Figure 8. Exogenous estrogen exposure can lead to abnormalities in the normal menstrual
cycle. The top graph depict; serum levels for the normal cycle. Exposing the normal
cycle to 50 ng L1 of exogenous estrogen for a full cycle, followed by a full cycle with

no exposure and then another full cycle of exposure (middle graph), disrupts the normal
circulation of hormones (bottom graph).

Finally, this model may certainly be improved by including greater biological
realism. For instance, the dataMtLachlanet al. (1990 were collected before
the assay distinguishing inhibin A and inhibin B was available. With data for
inhibin A and B now in the literaturegroomeet al,, 1996 both should be included
in the model. The inhibin profile in the present model is similar to inhibin A
while inhibin B is prominent during the follicular phase of the cycle. The present
model lumps together the pituitary and hypothalamus and does not describe the
role of GnRH. However, we have mentioned that the ovarian hormones may affect
gonadotropin secretion by modulating the GnRH pulse frequency and amplitude.
Hence, the present model may be improved by developing and integrating a specific
model for GnRH.
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